QUANTUM MEASURES AND
THE COEVENT INTERPRETATION

Stan Gudder
Department of Mathematics

University of Denver
Denver, Colorado 80208
sgudder@math.du.edu

Abstract

This paper first reviews quantum measure and integration the-
ory. A new representation of the quantum integral is presented. This
representation is illustrated by computing some quantum (Lebesgue)?
integrals. The rest of the paper only considers finite spaces. Anho-
momorphic logics are discussed and the classical domain of a coevent
is studied. Pure quantum measures and coevents are considered and
it is shown that pure quantum measures are strictly contained in the
extremal elements for the set of quantum measures bounded above by
one. Moreover, we prove that any quantum measure on a finite event
space A can be transferred to an ordinary measure on an anhomo-
morphic logic A*. In this way, the quantum dynamics on A can be
described by a classical dynamics on the larger space A*.

Keywords: quantum measures, anhomomorphic logics, coevent
interpretation.

1 Introduction

Quantum measures and the coevent interpretation were introduced by R.
Sorkin in his studies of the histories approach to quantum mechanics and



quantum gravity [11, 12, 14, 15, 16]. Since then a considerable amount of
literature has appeared on these subjects [1, 2, 3,4, 5,6, 7, 8,9, 10, 13, 17, 18].
A quantum measure p describes the dynamics of a quantum system in the
sense that pu(A) gives the propensity that the event A occurs. Denoting the
set of events by A, a coevent is a potential reality for the system given by
a truth function ¢: A — Zy where Z, is the two element Boolean algebra
{0,1}. Since coevents need not be Boolean homomorphisms, the set A* of
coevents is called an anhomomorphic logic [2, 3, 4, 8, 9, 10, 14, 17]. We
refer to the study of anhomomorphic logics as the coevent interpretation of
quantum mechanics. One of the goals of this field is to find the “actual
reality” in A* [2, 8, 10, 14, 15, 17].

In Section 2, we first review quantum measure and integration theory.
A new representation of the quantum integral is presented. As an example,
this representation is employed to compute quantum (Lebesgue)? integrals.
Although general event spaces are treated in Section 2, only finite event
spaces are considered in the rest of the paper. Section 3 discusses anho-
momorphic logics. The center and classical domain of a coevent are studied.
Section 4 first considers pure quantum measures and coevents. We show that
the pure quantum measures are strictly contained in the extremal elements
for the convex set of quantum measures bounded above by one. This result is
then employed to prove an important connection between certain quantum
measures and anhomomorphic logics. Moreover, we show that any quan-
tum measure on a (finite) event space A can be transferred to an ordinary
measure on A*. In this way the quantum dynamics on A can be described
by a classical dynamics on the larger space A*. Variations of this transfer-
ence result show that pure and quadratic anhomomorphic logics have better
mathematical properties than additive or multiplicative ones.

2 Quantum Measures and Integrals

Let (©2,.A) be a measurable space, where Q2 is a set of outcomes and A is a
o-algebra of subsets of 2 called events for a physical system. If A, B € A
are disjoint, we denote their union by A J B. A nonnegative set function
w: A — RT is grade-2 additive if

M(AUBUC)IM(AUB)+/~L(AUC)+M(BUC)—M(A)—M(B)—M((C)>
2.1



for all mutually disjoint A, B, C' € A. It follows by induction that if u satisfies
(2.1) then

(U A; > Z (A UA)) = (n—2) ZM(Ai) (2.2)

A g-measure is a grade-2 additive set function pu: A — R that satisfies the
following two continuity conditions.

(C1) If Ay C Ay C -+ is an increasing sequence in A4, then
llm (A <U A; )
(C2) If A D Ay D --- is a decreasing sequence in A, then

lim (A (ﬂA)

Due to quantum interference, a g-measure need not satisfy the usual
additivity condition of an ordinary measure but satisfies the more general
grade-2 additivity condition (2.1) instead [2, 14, 15]. For example, if v: A —
C is a complex measure corresponding to a quantum amplitude, then p(A) =
lv(A)]? becomes a g-measure. For another example, let D: A x A — C be
a decoherence functional as studied in the histories approach to quantum
mechanics [11, 12, 14, 15]. Then u(A) = D(A, A) becomes a g-measure. If p
is a g-measure on A, we call (2, A, 1) a g-measure space.

A signed measure \: A x A — R, where A x A is the product o-algebra
on  x €, is symmetric if A(A x B) = A\(B x A) for all A,B € A and is
diagonally positive if A(A x A) > 0 for all A € A. It can be shown that
if \: A x A — Ris a symmetric diagonally positive signed measure, then
1(A) = AM(A x A) is a g-measure on A. Conversely, if 4 is a g-measure on A,
then there exists a unique symmetric signed measure A: A x A — R such
that pu(A) = A(A x A) for all A € A [6].

Let ©, = {w1,...,w,} be a finite outcome space. In this case we take
A, to be the power set P(Q,) = 2%, Any grade-2 additive set function
p: A, — R is a g-measure because (C1) and (C2) hold automatically. We
call (Q,, A, 1) a finite g-measure space. The study of finite g-measure spaces
is simplified because by (2.2) the g-measure p is determined by its values on



singleton sets pu(w;) = p ({wi}), ¢ = 1,...,n and doubleton sets p ({w;,w;}),
1<7,%,5=1,...,n. We call

I = i ({wi,wy}) — plwi) — plwy) (2.3)
the ij-interference term, i < j, i,7 = 1,...,n [5]. The Dirac measure J;
defined by
1 ifweA
6;(A) = pee
0 ifw ¢ A

is clearly a g-measure on A,,. The product gjj = 0;0;, © # j, is not a measure
because 6;;(w;) = 0;;(w;) = 0 and d;; ({wi,w;}) = 1. However, we have the
following .

Lemma 2.1. The product gl-j, i # 7, 18 a g-measure on A,.

Proof. Notice that
~ 1 if {w;,w;} CA
0 if {w,w;} Z A

If ,;(AUBUC) =0, then {w;,w;} Z AUBUC. Hence, {w;,w;} is not a
subset of A, B, C, AUB, AuC or BUC. Hence,

05 (AUB) +6,(AUC) +6(BUC) — b;5(A) = 05(B) — 5,5(C) =0
If 6;;(AWBWC) =1, then {w;,w;} CAUBWYC. If {w;,w;} C A, then
3 (AU B) + 0;;(AUC) + 65 (BUC) — 5,;(A) — 6;;(B) — 65(C)
=1+14+0-1-0-0=1
If w, € A, w; € B, then
0ij(AUB) + 0, (AU C) + b;5(BUC) — b;5(A) — 0;(B) — 05(C)
=14+0+0-0-0-0=1
The other cases hold by symmetry. O]

A more general proof than that in Lemma 2.1 shows that the product
of any two measures is a ¢g-measure. A signed g-measure is a set function
pw: A, — RT that satisfies (2.1). Letting S(A,) be the set of signed ¢-
measures, it is clear that S(A4,,) is a real linear space. Also, a signed ¢-
measure is determined by its values on singleton and doubleton sets.
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Theorem 2.2. The g-measures 01, ..., 0, 312, 3\13, e 78\71—1,71 form a basis for
S(A,).
Proof. To show linear independence, suppose that

n

Z Ciéi -+ Xn: dijgij = 0

i=1 1<j=1

Evaluating at {wy} gives ¢, =0, k =1,...,n. Hence,

i dijgij - O

i<j=1

and evaluating at {w,,ws} gives d.s = 0, r < s. This proves linear indepen-
dence. To show that these g-measures span S(A,), let p € S(A,,). Defining
I}; as in (2.3), we have that

p= ZM(%‘)@ + Z fﬁgz‘j (2.4)
=1

i<j=1
because both sides agree on singleton and doubleton sets. O]

We conclude from Theorem 2.2 that

n

dimS(A,) =n+ (2

) =n(n+1)/2

Also, if p is a g-measure on A,,, then p has the unique representation given
by (2.4). The next theorem proves a result that we already mentioned for
the particular case of a finite 2.

Theorem 2.3. If i is a g-measure on A,, then there exists a unique sym-

metric signed measure X\ on A, X A, such u(A) = MA x A) for all A € A,.

Proof. Define the function a: Q, %, — R by a(w;,w;) = p(w;), 1 =1,...,n,
and
a(wi, wy) = a(wj, wi) = 31

1 <7j,4,7=1,...,n. Define the signed measure A on A, x A, by
AMA) = {Z a(wi, wj): (wi,wy) € A}
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Now A\ is symmetric because

AA x B) {Za(wi,wj): (wi,w;) € A x B}
= {Z a(wi,wj): w; € A,w; € B}
= {Za(wj,wz) w; € A,wj € B}
— {Za(wj,w,-): (wj,w;) € B x A} A(B x A)

We now show that A(A x A) = p(A) for all A € A,,. We can assume without
loss of generality that A = {wy,...,w,}, 2 < m < n. It follows from (2.2)
that

p(A) = Z 1 ({wi, wi}) — (m —2) Z#(%’)

Moreover, we have that

MA X A) = {Za(wi,wj): Wi w; € A}
= ol ) +2 Z o)
:f; ;u (i) — ;[ ler) — ()]
- f;uw + Afjlmwi,wj}) (1) f;m)

m

p({wisws}) = (m—2) Y plw;) = n(A)

1 i=1

7

AN

J

To prove uniqueness, suppose \': A, x A, — R is a symmetric signed mea-
sure satisfying (A x A) = u(A) for every A € A,,. We then have that

N (wiywi)] = N [{wi} x {wi}] = plwi) = A [(wi, wi)]
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for i =1,...,n. Moreover, letting A = {(w;,w;)} we have that

p(A) = N (A x A) = X [(wi, wi)] + X [(wy,w;)] + 2N [(wi, wy)]
= A[(wi, wi)] + A [(wy, w;)] + 2A [(wy, wy)]

Hence, X [(wi,w;j)] = A|[(wi,w;)] and since signed measures are determined
by their values on singleton sets, we have that A’ = \. O]

Let (2,4, 1) be a g-measure space and let f:  — R be a measurable
function. The g-integral of f is defined by

[rau=[Tulr el - [Calr s onan @

where dA denotes Lebesgue measure on R [7]. Any measurable function
f: @ — R has a unique representation f = f; — fo where fi, fo > 0 are
measurable and f; fo = 0. It follows that

[ tdn= [ i~ [ podu (2.6)

Because of (2.6) we only need to consider g-integrals of nonnegative functions.
As usual in integration theory, if A € A we define / fdu = / fxadp where
A

X 4 is the characteristic function for A.
Any nonnegative simple measurable function f: 2 — R* has the canon-
ical representation

=Y ana (2.7)

where A, MA; = 0,7 #j,UA =Qand 0 < ay < az--+ < a,. It follows

from (2.5) that
H(U) -0 (ga)

/fdu =
S R el 6 7 | [M (An—l U An) - M(An)] + anM<A”) (28>

Example 1. Let f: Q, — R' be a nonnegative function on €2, and let
w: A, — R be a g-measure. Also, let A: A, x A, — R be the unique




symmetric signed measure such that p(A) = A(A x A) for every A € A,,. We
can assume without loss of generality that

0 < fwr) < flwe) <+ < flwn)
By (2.8) we have for i < j that

[ by = 1) [By Qo ond) = B ()]
e fwnon) (B Qwnorwnd) = Sig(wn)] + f(wn)dig(wn)
= [(wi) = min (f(wi), f(w;))
By (2.4) and the proof of Theorem 2.3, it follows that

]

1<j=1

:Z,u(wi (wi) + Z Iu min (f(ws), f(w;))

1<j=1

- Z min (f(wi), f(w;)) A [(wi, wj)]

— /min (f(w), (W) d\(w,w") (2.9)

Example 2. Let v: A, — C be a complex measure and define the ¢-
measure f: A, — RT by pu(A) = [v(A)[>. Then for i < j we have

18 = olwn) + vlwy)|? = W) — v(w;) = 2Re v(w)(wy)
By (2.4) we conclude that

W= Z,u (w;)d; + Z [QReu wi )V w])} dij

1<j=1

—Z| (wi)]? 6; + 2Re Z

1<j=1

n 2

i=1




As in Example 1, we obtain

n

[ fdn=>" s+ Y [2Revlw)iliep)] min (£ S(w)

i<j=1
Equation (2.9) suggests the following new characterization of the g-integral.
If [|f|ldu < oo, then f is integrable.

Theorem 2.4. Let (0, A, 1) be a g-measure space and let f: Q — RT be
integrable. If \: A x A — R is the unique symmetric signed measure such

that p(A) = AM(A x A) for all A € A, then

/ fu = / win (f(w), /(&) dA(w, ) (2.10)

Proof. Let f be a nonnegative simple function on €2 with canonical represen-
tation (2.7). If g(w,w’) = min (f(w), f(«')), then when w € A4;, W' € A; we

have that
(073 ife<yg
g(w,w) = o
a; ifj<i
Hence,

g= Z QiXA;xA; T Z QX A; x A,

i<j=1 i>j=1
It follows that
/g(w,w')d/\(w,w’) = Z aA(A; X A;) + Z ajA(A; x Aj)
i<j=1 i>j=1

= Q1 [)\(Al X A1> + 2)\(141 X AQ) + -+ 2/\(A1 X An)]
+ o [)\(AQ X AQ) + 2)\(142 X Ag) + 4 2)\(142 X An)]

+ apq [)\(An—l Xn_l) + 2)\(14”_1 X An>]
+anA(A, x Ay)



On the other hand, by (2.8) and grade-2 additivity we have

/fdMZOél (AT U Ag) + -+ + p(A U Ay)

—(n — Du(Ar) — p(Ag) — - — p(A,)]
+ Qo [/,L(AQ UAg) + -+ ,U(AQ ) An>
—(n = 2)u(Ag) — pu(Az) — -+ — p(Ay)]

+ a1 [W(An—1 U Ay) — pu(An)] + anp(An)
= (1 [)\(Al UA2 X Al UAQ) + - +)\(A1 UAn X Al UAn)

—(n = Dpu(Ar) — p(A2) — - — pu(An)]
+ o [AMAy UA3 X AgUAz) + -+ ANAyUA, x AU A,)
—(n —2)pu(Az) — p(Asz) — -+ — p(Ay)]

—.l—ozn,l ANAp—g UA, x A1 UA,) — u(An)] + app(Ay)

=1 [MA] X A1) + 2M(A1 X Ag) + A(Ag X Ag) + -+ A(A; x Ay)
F2A(A; X Ay) + MA, x A4,)
—(n = Du(Ar) — p(Az) — - — p(Ay)]
+ ag [AM(Ay X Ag) + 2(Agy x Ag) + AM(Asz x Az) + -+ A(Ag X A))
+2XN(Az x A,) + AM(A, x A,)
—(n —2)u(A2) — p(Az) — -+ — p(A,)]

+ g [AMAp1 X Ap1) + 2M(An1 X An) + AM(An X Ay) — p(Ay)]
+ anﬂ(An)

which reduces to the expression given for [ g(w,w’)d\(w,w’). We conclude
that (2.10) holds for nonnegative measurable simple functions. Since f is the
limit of an increasing sequence of such functions, the result follows from the
quantum dominated monotone convergence theorem [7]. O

We now apply Theorem 2.4 to compute some g-integrals for an interesting
g-measure. Let 2 = [0,1] C R, let v be Lebesgue measure on €2 and define
the g-measure 1 on the Borel o-algebra B(R) by u(A) = v(A)2. We call u the
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quantum (Lebesque)? measure. By Theorem 2.4, if f: Q — R* is integrable

and 0 <a <b< 1, we have

b
/fd,u:/ fdu = //mln ) dzdy
a [a,b]

Suppose f is increasing on 2 and let g,(z) = min (f(z), f(y)). Then

o) = flz) forz<y
9u() {f(y) for o>

Hence, by (2.11) we have

/abfduz/ab/abgy(fﬂ)dwdy=/ab Uayf(x)dx+f<y)(b—y)] dy

Since

@ = [ [ @ = [ @0
[

we conclude from (2.12) that

/fdu_Q//f dxdy—Q/f (b — 2)d

Similarly, if f is decreasing, then

/ab fp = /ab [f(y)(y —a) + /ybfmdx] dy
/ab /ybf(a:)da:dy — /a” /: fla)dydx = /abf(g;)(x — a)dw

(2.14) becomes

/fdu—2//f dxdy—z/ (@)@ - a)da

11
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Example 3. For n > 0, since f(x) = 2™ is increasing, by (2.13) we have

b b
/ zdp = 2/ (b —z)dx

" (n+ 1)2(n +2) (0" —a™" (0 +2)b— (n + 1)a)]

Example 4. Since f(x) = e” is increasing, by (2.13) we have
b b
/ e“dr = 2/ (b —x)dr = 2" — 2e*(b—a +1)

Example 5. For n > 3, since f(z) = 2" is decreasing, by (2.15) we have

b b
/ x "dp = 2/ x "(x —a)dx

3 Anhomomorphic Logics

In this and the next section we shall restrict our attention to a finite outcome
space 2, = {w1, .. .,w,} and its corresponding set of events A,, = P(2,,). Let
Zs be the two element Boolean algebra {0,1} with the usual multiplication
and with addition given by 01 =1®0=1and0p0=161=0. A
coevent on A, is a truth function ¢: A, — Z, such that ¢(0) = 0 [2, 14, 15].
A coevent ¢ corresponds to a potential reality for a physical system in the
sense that ¢(A) = 1 if A occurs and ¢(A) = 0 if A does not occur. For a
classical system a coevent ¢ is taken to be a homomorphism by which we
mean that

(H1) ¢(€2,) =1 (unital)
(H2) ¢(AUB) = ¢(A) @ ¢(B) (additive)
(H3) (AN B) = ¢(A)p(B) (multiplicative)
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Since there are various quantum systems for which the truth function
is not a homomorphism [2, 14|, at least one of these condition must fail.
Denoting the set of coevents by A*, since the elements of A’ are not all
homomorphisms we call A the full anhomomorphic logic [8]. Notice that
the cardinality |A%| = 22"~ is very large.

Corresponding to w; € €2, we define the evaluation map w;: A, — Zs
by wf(A) = 1if and only if w; € A. It can be shown that a coevent ¢ is a
homomorphism if and only if ¢ = w} for some i = 1,...,n [2, 8]. Thus, there
are only n possible realities for a classical system. For two coevents ¢, 1) we
define their sum and product in the usual way by (¢ ®¥)(A) = ¢(A) B (A)
and (¢y)(A) = ¢(A)yY(A) for all A € A,. It can be shown that any coevent
has a unique representation (up to order of the terms) as a polynomial in the
evaluation maps.

A coevent that satisfies (H2) is called additive and ¢ is additive if and
only if it has the form

p=cw; BBy,

where ¢; = 0 or 1,4 = 1,...,n [2, 8 14]. Denoting the set of additive
coevents by A» .. we see that ‘A;7a| = 2". A coevent that satisfies (H3) is

n,a’
called multiplicative and ¢ is multiplicative if and only if it has the form

k% *
¢_wilwi2 wim

where, by convention, ¢ = 0 if there are no terms in the product [2, 8,
17]. Denoting the set of multiplicative coevents by A, . we again have that
‘Afl’m‘ = 2". A coevent ¢ is quadratic or grade-2 if it satisfies

P(AUBUC)=¢(AUB)® p(AUC) @ p(BUC) ® ¢(A) ® ¢(B) & ¢(C)
It can be shown that ¢ is quadratic if and only if it has the form
P =crw] D D cpw, O digwiws D -+ B dp_1 pw,_ Wy
where ¢; = 0or 1,7 =1,...,n,and d;; = 0or 1,7 < j, 475 =1,...,n

2, 8]. Denoting the set of quadratic coevents by A* . we have that ‘A;

n,q? 7QI -
2n(n+1)/2'

Let B be a Boolean algebra of subsets of a set. The set-theoretic oper-
ations on B are U, N and ’ where A’ denotes the complement of A € B. A
subset By C B is called a subalgebra (or subring) of B if ) € By, AU B,
ANB, AN B € By whenever A, B € By where AN B = ANB’. If By is finite,
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then By has a largest element C' and By is itself a Boolean algebra under the
operations U, N and complement A" = C' \ A.

For ¢ € A’, it is of interest to find subalgebras of A,, on which ¢ acts
classically. If By is a subalgebra of A4, and the restriction ¢ | By is a homo-
morphism, then By is a classical subdomain for ¢. A classical domain B for
¢ is a maximal classical subdomain for ¢. That is, B is a classical subdomain
for ¢ and if C is a classical subdomain for ¢ with B C C, then B = C. Any
classical subdomain is contained in a classical domain B but B need not be
unique. The rest of this section is devoted to the study of classical domains.
For ¢ € A%, the ¢-center Z, is the set of elements A € A, such that

#(B)=¢(BNA)@s(BNA (3.1)
for all B € A,.
Theorem 3.1. Z; is a subalgebra of A, and ¢ | Z, is additive.

Proof. 1t is clear that 0,Q, € Z, and that A’ € Z, whenever A € Zj.
Suppose that A, B € Z;. We shall show that AN B € Z,. Since B € Z,, we
have that

H(CNA)=9¢p(CNANB)®H(CNANB')

Hence,

HCNANB)=¢p(CNA)DO(CNANB)
for all C' € A,,. It follows that

HCNANB)® ¢ (CN(ANB))=¢(CNANB)&¢(CN(AUB)
=p(CNA)®CNANB)®o[(CNA)YU(CNB
=p(C)DH(CNA)BHCNANB)DH[(CNAYU(CNB)
=¢(C)Bp(CNA)YBH(CNANB)Ep(CNANB)

@o(CNAYU(CNANB

=o(C) B (CNA) B CNA)=¢(C)

Hence, ANB € Zy. Moreover, it A, B € Z;, then A", B’ € Zys0o AANB' € Z,.
Hence, AUB = (A'NB') € Zy. 1t follows that Z; is a subalgebra of A,. To
show that ¢ | Z4 is additive, suppose that A, B € Zs with AN B = 0. We
conclude that

¢
(C

#AUB)=¢[(AUB)NA]@ ¢[(AUB)NA]=¢(A)©¢(B) O

14



A general ¢ € A’ may have many classical domains and these seem to
be tedious to find. However, Z, is relatively easy to find and we now give
a method for constructing classical subdomains within Z,. Since ¢ | Z is
additive, we are partly there and only need to find a subalgebra Z qu of Z, on
which ¢ is multiplicative and not 0. Indeed, the unital condition (H1) then
holds because there exists an A such that ¢(A) # 0 and hence,

¢(A) = ¢(ANC) = ¢(A)p(C)

which implies that ¢(C') = 1 where C' is the largest element of Z(}).

An atom in a Boolean algebra is a minimal nonzero element. Let Aq,..., A,,
be the atoms of Z,. Then Ay, ..., A, are mutually disjoint, nonempty and
WA; = Q,. Moreover, every nonempty set in Zy has the form B = U/_; A, .
Define Af € A by Af(A) =1if and only if A; C A, i=1,...,m. Since ¢ is
additive on Zy, it follows that ¢ has the form

b=4; @ B4
on Zys. We can assume without loss of generality that
p=ATD - DA

Let Zé, be the subalgebra of Z; generated by A;, A, 41,..., Ap, i =1,...,7.
Then ¢ | Z), = A7, i=1,...,7.

Corollary 3.2. If ¢ # 0, then Zé) is a classical subdomain for ¢, 1 =1,...,r.

Proof. For simplicity, we work with Zj and the other Zj, i = 2,...,r are
similar. Now Z q15 is a subalgebra of A,, with largest element

Bi=A UA L UA LU UA,

Now ¢ | Z; = A}, A} is additive and Aj(B;) = 1. To show that A} is
multiplicative, we have for A, B € Zj that Aj(AN B) = 1 if and only if
A C AN B. Since Aj(A)A;(B) = 1if and only if Ay C A and A; C B, we
have that Aj(A)A;(B) =1 if and only if Ay C AN B. Hence, Aj(ANB) =
Af(A)A(B). We conclude that ¢ | Zj = A} is a homomorphism on Z;. [

Example 6. We consider some coevents in Aj. For ¢ = wjw},
Z¢ = {¢7 {CU?,} ) {wla CUQ} ) Q3}
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and Z, is the unique classical domain for ¢. For ¢ = wj ® w3, Z, = A3 and
the two classical domains for ¢ are

{va {wl} ) {WS} ) {wb WS}} ) {Cba {WQ} ) {w3} ) {WQ’ W3}}

For v = wi ® w; ®wi, Zy = A3, Z) = {¢,{wi}}, 7 = {o.{w2}}, 25 =
{#,{ws}}. The classical domains for 7 are

{¢7 {wl} ) {w% WS} vQS} ) {¢v {WZ} ) {wla w3} ) Q3} ) {Qba {WS} ) {wla WQ} ) QS}

For § = wjwiw}, the unique classical domain is Z5 = {¢, Q3}.

4 Transferring Quantum Measures

This section provides a connection between the previous two sections. We
study a method for transferring a g-measure p on A, to a measure on A’.
An event A € A, is p-precluded if u(A) = 0. Since a precluded event A
occurs with zero propensity, if ¢ € A’ is a potential reality then A should
not happen in this reality so that ¢(A) = 0. If ¢(A) = 0 whenever pu(A) =0
we say that ¢ is p-preclusive [14, 15]. It is reasonable to assume that an
actual reality for a system described by a g-measure p is p-preclusive.

If Ay, C A;;, we can place a measure v on A;, , by specifying v(¢) =
v({¢}) > 0 on {¢} for every ¢ € A, and extending v to the power set
P(A; ) of A} o by additivity. A g-measure p on A, transfers to A;,  if there
exists a measure v on P(A; ;) such that

v ({6 € Ape: 6(4) = 1}) = u(A) (4.1)

for all A € A, [4]. The motivation for (4.1) is as follows. The set

{o€ Al 0(4) =1}

is the “dual” of the event A € A, in A}, ; and this gives a method for trans-
ferring events in A, to events in P(A} ;). Then (4.1) gives a corresponding
transfer of the g-measure p on A, to a measure v on P(A}, ;). The transferred
measure v is not unique, in general. If p transfers to v, then the quantum
dynamics given by p can be described by a classical dynamics given by v.
Moreover, it follows from (4.1) that the set of nonpreclusive coevents in A ,
has v measure zero.
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It is clear that if u transfers to A, C A then u transfers to A7, | for
any Ay C A, C A For a g-measure p on A, we define the p-preclusive
anhomomorphic logic A;, , by

A, =1{9 € A},: ¢ is p-preclusive}

A coevent ¢ € A* can be considered as a map ¢: A, — {0,1} where we
view {0,1} C R with the usual addition and multiplication. For A € A,
with A # () we define ¢4 € A* by ¢p4(B) = 1 if and only if B = A.

Theorem 4.1. Let y be a g-measure on A,. (a) For Ay, C Ay, u transfers
tov on P(A; ) if and only if

p=> {v(o)p: 6 €A} (4.2)
(b) p transfers to A;, ,
Proof. (a) If u has the form (4.2) then for any A € A, we have

p(A) =3 {w(o ¢er} > {v(0): 6 € A 0(4) =1}
=v({oe An,O' =1})
Conversely, if p transfers to v on P(A} ) then
M(A):V({¢EA* L 9(A) =1}) :Z{y( ) pe Ay, d(A) =1}
= {v(@)e(A): ¢ € Ay}

We conclude that (4.2) holds.
(b) It is clear that

p=> {u(A)pa: A A u(A) # 0} (4.3)

Define the measure v on P(A;, ) by v(¢a) = u(A) if u(A) # 0 and v(¢) =0
otherwise. Applying (4.3) we have

p=> {v(da)da: dac A} => {v(@)p: ¢ € 4, ,}

Hence, (4.2) holds and the result follows from (a). O
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We conclude from Theorem 4.1(b) that any g-measure p on A, transfers
to Ay. However, it is desirable to transfer p to Ay, where A;,, C A is
as small as possible. This is because such an A; , will give the simplest
classical dynamics. We can always reduce to preclusive coevents in the sense
that if p transfers to A; ; then p transfers to A N A . Let A}, be the
anhomomorphic logic given by

Ay = {oa: A€ Ay AL 0}

It follows from the proof of Theorem 4.1(b) that any g-measure p on A,
transfers to A, . We conclude that p transfers to Ay , NA7 .

The next Corollary shows what happens if the ¢g-measure p turns out to
be a measure.

Corollary 4.2. Suppose A;,  satisfies Ay , C A, o C© A, If pis a measure
on Ay, then p transfers to a measure v on Ay o satisfying v(¢) = 0 unless ¢
is additive. Conversely, if a measure v on A} o satisfies (@) = 0 unless ¢ is
additive, then there is a measure on A, that transfers to v.

Proof. If p is a measure on A,, then p has the form

i=1

where \; > 0,7 =1,...,n. Hence, p transfers to
v=> Al (4.5)
i=1

on A; , where v(¢) = 0 unless ¢ is additive. Conversely, if v is a measure
on A; , satisfying v(¢) = 0 unless ¢ is additive, then v has the form (4.5).
Hence, the measure p given by (4.4) transfers to v. O

The next theorem shows that the multiplicative anhomomorphic logic
A, . 1s not adequate for transferring g-measures. This result was proved in
2, 4]. However, our proof is simpler and more direct.

*
n,m?

Theorem 4.3. If a g-measure i on A, transfers to a measure v on A
then v(¢) = 0 unless ¢ is quadratic.
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Proof. We have that

ko ko ok

* _ * * * * * * * * *
A =008, W wlws, L wh wh wiwiws L wiw) - w)

Since pu(A) = v ({¢ € A;,,: 9(A) = 1}) we have that p(w;) = v(w}), i =
1,...,n and
p({wi, wi}) = v(wf) + v(wj) + v(wiwj)

1,7=1,...,n. Now

p(fwr, wa,ws}) = w(wr) + v(wy) + v(ws) + v(wiws) + v(wiws)

+ v(wyws) + v(wiwsws) (4.6)

Since p is grade-2 additive we have that

p({wi, wa,w3}) = Z N({Wiawj}) - ZM(M)
= > vlwiw)) + 3 v(e)) (4.7)

Comparing (4.6) and (4.7) shows that v(wjwjws) = 0. In a similar way, we
conclude that v(wjwjwy) =0, 4,5,k =1,...,n,i < j < k. Next,
p({wr, wo, wg,wa}) = v(wy) + -+ v(w) + v(wiw;)
+ oo vwawy) + v(wiwswiws) (4.8)
Since p is grade-2 additive we have that

4

Z 1 ({wi, wi}) — 22#(%')
>

V(w;“w;f) + Z v(w)) (4.9)

M ({wl,WQ,W3,W4}) =

Comparing (4.8) and (4.9) shows that v(wjwiwiw;) = 0. In a similar way,
we conclude that v(wjwjwiw;) = 0, i,5,k,l = 1,...,n, i < j < k < [.
Continuing by induction, we have that v(¢) = 0 unless ¢ is quadratic. [
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The result (and proof) in Theorem 4.3 holds if Aj , is replaced by any

subset Ay ; € Aj - Theorem 4.3 also shows that for Ay, C Ay, if a
g-measure p transfers from A, to A ; then

p({wi,wi}) 2> p(wi) + plw;)

i,j =1,...,n,i%# j. Hence, not all g-measures can be transferred to A}, .
We now investigate a method for finding a “small” A} ; to which a g¢-
measure on A, transfers. As we shall see this method only works for a
specific but large class of g-measures. A g-measure p on A, is pure if the
values of p are contained in {0,1}. Let M(A,) be the set of g-measures p
on A, such that
max {u(A): Ae A,} <1

We have seen in Section 2 that the set of signed g-measures on A, forms a
finite dimensional real linear space S(A,) and it is clear that M(A,) is a
convex subset of S(A,,). Letting P(A,,) be the set of pure ¢g-measures, we now
show that the elements of P(A,) are extremal in M(A,). Let u € P(A,)
and suppose that g = Ay + (1 — A for 0 < A < 1 and py, e € M(A,). If
u(A) =0, then

Apa(A) + (1= A)p2(A) =0

so that py(A) = pa(A) = 0. If u(A) =1, then
A (A) + (1 = A)u(A) =1

so that puy(A) = pe(A) = 1. Hence, py = po = p which shows that p is
extremal.

Denoting the set of extremal elements of M(A,) by Ext M(A,) we
have shown that P(A,) C Ext M(A,). Our main question now is whether
P(A,) = Ext M(A,). We first illustrate that P(As) = Ext M(Ay). Let
p € Ext M(Ay). If p ¢ P(Az) then at least one of the numbers p(ws),
p(wa), p(§22) is not 0 or 1. Suppose, for example that 0 < p(w;) < 1. Then
there exists an € > 0 such that ¢ < pu(w;) < 1 —e. Define p;: Ay — RY by
p1(A) = p(A) if A # {w} and py(w1) = p(wr)+e. Also, define pp: Ay — RT
by pa(A) = pu(A) if A # {wi} and pa(wi) = p(wi) —e. Then i, p2 € M(Ay),
1 # o and p = %ul + %ug. This contradicts the fact that p is extremal.
Hence, pu € P(Az). The other cases are similar so P(As) = Ext M(Ay).

Theorem 4.4. P(A;3) = Ext M(A3).
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Proof. To show that Ext M(A;3) C P(A3z) suppose that € Ext M(A;3) and
p ¢ P(A3). Then one of the numbers p(A), A € A 3~ {0} is not 0 or 1.
Since

1(S23) = p({wr, wo}) + p ({wr, wat) + p ({we, ws}t) — plwr) — p(wz) — lz(w3)>

4.10
a second of these numbers is not 0 or 1. There are various possibilities,
all of which are similar, and we shall consider two of them. Suppose, for
example, that 0 < p({wy,w2}) < 1 and 0 < p(ws) < 1. Then there exists
an € > 0 such that e < g ({wz,w2}) <1 —¢and € < p(ws) < 1 —e. Define
p: Ay — RY by pi(A) = p(A) for A # {wi,ws} or {ws} and p(ws) =
p(ws) + €, w1 ({wr,wa}) = p({wi, wa}) +e. Thus, uy satisfies (4.10) so py €
M(A3). Define pg: A3 — RY by ua(A) = u(A) for A # {wi,ws} or {ws}
and po(ws) = p(ws) — &, p2 wi,we}) = p({wr,wa}) —e. Again us satisfies
(4.10) so pp € M(As). Also, g # pe and p = 34y + 542 which contradicts
the fact that p € Ext M(A3). As another case, suppose that 0 < p(w;) < 1
and 0 < p(Q3) < 1. Then there exists an € < p(w) <1 —¢ and € < p(Q3) <
1 —e. Define puy, pio: Az — RT by p1(A) = pa(A) = u(A) for all A # {w,}
or Q3 and fn(w1) = plwr) + &, w(Q3) = u(s) — &, po(wr) = plwr) — ¢,
12(Q3) +e. Then py, o satisty (4.10) so py, 2 € M(A3z). Moreover, g # ps
and p = 31 + 4o which contradicts the fact that p € Ext M(A;). Since
this method applies to all the cases, we conclude that Ext M(A3) C P(As3)
and the result follows. O

Even though P(A,) = Ext M(A,) for n = 2,3 and the counterpart of
this result for measures holds for all n, the result does not hold for all n. The
next example shows that P(As) # Ext M(As6) It would be interesting to
find the smallest n such that P(A,) # Ext M(A,) and describe the form of
elements in Ext M(A,) \ P(A,).

Example 7. It follows from an example in Section 6.1.4 [2] that there
is a p € M(Ag) with pu(Q6) # 0 and there exist no unital, u-preclusive
¢ € Ajs, Now suppose that P(Ais) = Ext M(Ag). Then it follows from
the Krein-Milman theorem that p has the form p = > Ay, Ay > 0, u; €

P(A), i =1,...,n. Now p; can be considered as a coevent and our next
result shows that u; is quadratic, ¢ = 1,...,n. Moreover, it is clear from the
form of p that u; is p-preclusive, ¢ = 1,...,n. It follows that u; is not unital

so pi(216) = 0, @ = 1,...,n. But this contradicts the fact that p(€6) # 0.
Hence, P(Ajg) # Ext M(Asg).
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If ¢ € A satisfies the condition ¢ € M(A,) or equivalently ¢ € P(A,),
then we say that ¢ is a pure coevent. Conversely, if i1 is a pure g-measure, then
we call the map fi: A, — Zy with the same values as p the corresponding
pure coevent. The set of all pure coevents in A; is denoted by A; , and is
called the pure anhomomorphic logic. 1t is clear that every coevent in A3 is
pure so that A3 = Aj. However, there are only 34 pure coevents in A3 out

of a total 22°~1 = 128 coevents [8].

Example 8. Examples of pure coevents in A} are wj, wj @ wj, wi ® wiws
Wiwy, Wi Dwy Dwiwsy, Wi Bwiws Dwyws, Wi Gw;y Gwiws Swiws, w Gwiwy ®
wiw; @ wiws, wi G ws O ws G wjw; G wijw; ® wsws and the rest are obtained
by symmetry. An example of a ¢ € A that is not pure is ¢ = w} G wj G wj.
Indeed, ¢(€23) =1 and

¢ ({wr,wa}) + 0 ({wi,ws}) + ¢ ({wa, ws}) — d(wr) — P(wa) — d(ws) = —3

Another example of a nonpure element of Aj is ¢ = wj @ wiw;. Indeed
P (€23) = 0 and

Y ({wi,wa}) + 9 ({wr, ws}) + ¥ ({wz,ws}) — P(wi1) — Y(wa) — P(ws3) = 2
Lemma 4.5. If ¢ € A’ . then ¢ is quadratic.

n7p’

Proof. We must show that if ¢ satisfies
H(AUBUC) = g(AUB) +$(AUC) +¢(BUC) —$(A) —(B) = 6(C) (4.11)
then ¢ satisfies
S(AUBUC) = H(AUB) @ d(AUC) @ d(BUC) @ ¢(A) @ d(B)B6(C) (4.12)

Suppose the left hand side of (4.12) is 1. Then there are an odd number of
1s on the right hand side of (4.11). Hence, the right hand side of (4.12) is 1.
Suppose the left hand side of (4.12) is 0. Then there are an even number of
1s on the right hand side of (4.11). Hence, the right hand side of (4.12) is 0.
We conclude that (4.12) holds so ¢ is quadratic. O

Let C(A,) be the positive cone generated by the set P(A,). Thus p €
C(A,) if and only if g has the form p = > A, A > 0, u; € P(A,). The
next result follows from Theorem 4.1(a).
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Corollary 4.6. A g-measure p transfers to A% if and only if p € C(A,).

n,p

Motivated by Corollary 4.6 one might conjecture that if every g-measure
in C(A,) transfers to A}, then Ay~ C A ; that is, Ay  is the smallest
subset of A} to which every g-measure in C(.A,,) transfers. The next example

shows that this conjecture does not hold.
Example 9. We have that

*

_ * * * * * ko ok * * k * ko ok
5p = As = 10,07, w3, Wy O w;, wWjwy, Wi G wiws;, w; O wiws, 1}

Let ¢1 = wi, 92 = w3, ¢3 = W] B w3, ¢4 = Wiws, o5 = W) G wiw; and
P = wis G wiw;. If pis an arbitrary g-measure on A,, then u transfers to a
measure v on A5 and we have that

plwr) =v ({9 € A3: o(wr) = 1}) = v(d1) + v(ds) + v(¢5) +v(1)
plwz) = v ({9 € A3: d(ws) = 1}) = v(2) + v(ds) + v(¢6) + (1)
1) = v ({¢ € Ay: () = 1}) = v(¢n) + v(d2) + v(¢a) + v(1)

Letting A3, = {¢4, ¢5, P}, we have that every g-measure on A, transfers
to A3 . In fact, if 44 is a g-measure on A, then y transfers to the measure

von A3, given by v(¢s) = u(€2), v(¢s) = plwi), v(ds) = p(ws). This
example also shows that the measure that p transfers to need not be unique.
For instance, let u be the g-measure on A, given by u(w;) = 1, p(ws) = 1,
1(€) = 0. Then p transfers to v on Aj given by v4(¢s) = v1(¢g) = 1 and
v(p) =0, ¢ # ¢s5, 6. Also, p transfers to vo on A} given by v5(¢3) = 1 and
v(¢) = 0 for ¢ # ¢s.

Example 10. We use the same notation as in Example 9. We first show
that a g-measure i on A, transfers to

A;,m = {07 ¢17 ¢27 ¢4}

if and only if p(Qs) > p(wi) + p(we). If p transfers to v, then pu(w;) = v(¢1),
plwn) = v(g) and

w(§22) = v(¢1) + v(g2) + v(¢a)

Hence, p(€22) > p(wy + p(ws). Conversely, if u(Qs) > p(wi) + p(w2) then
letting v(¢1) = p(wr), v(¢2) = p(ws), v(0) = 0 and

V(o) = p(Q2) — p(wr) — p(ws)

23



we see that p transfers to v on A3, . We next show that a g-measure ;1 on
Ay transfers to

A;a = {OJ (bl? (2527 ¢3}
if and only if
(wr) — plw2)| < p(Q2) < pwr) + plws)

If o transfers to v, then pu(wy) = v(d1) + v(ds), wlws) = v(p2) + v(¢3) and
((Q2) = v(91) + v(¢2). Hence, u(Q2) < pufwr) + pa(wz) and

(w2) = (1) + v(d2) < pu(€2)
p(wa) — p(wr) = v(g2) — v(d1) < p(€)

so the given inequalities hold. Conversely, if the inequalities hold, then letting
v(0) = 0 and

=

&
|

=

V(1) = 5 [1(Qa2) + p(wr) — pu(ws)]
v(pa) = % [11(Q2) — pu(wr) + p(w2)]
v(¢s) = § [(wr) + pwa) — ()]

we see that p transfers to v on A3 ,.
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